We study the ratio of the number of sites in the largest and second largest clusters in random percolation. Using the scaling hypothesis that the ratio M 1 / M 2 of the mean cluster sizes M 1 and M 2 scales as f ((p − pc)L 1/ν ), we employ finite-size scaling analysis to find that M 1 / M 2 is nonuniversal with respect to the boundary conditions imposed. The mean M 1 /M 2 of the ratios behaves similarly although with a distinct critical value reflecting the relevance of mass fluctuations at the percolation threshold. These zero exponent ratios also allow for reliable estimates of the critical parameters at percolation from relatively small lattices.
Introduction
In random site percolation, every site of a large lattice of linear size L in d dimensions is randomly occupied with probability p giving rise to clusters of neighboring sites (not to be confused with random bond percolation). A cluster of mass m is said to be "infinite" if m ∼ L d f → ∞ as L → ∞ with a positive fractal dimension d f . In other words, the mass must scale as a power law in L rather than vary logarithmically or be constant. When the occupation probability is larger than critical (p > p c ), a dense infinite cluster arises.
1 Percolation is a deeply studied phenomenon and both "static" and "dynamical" 2 variations (i.e., directed percolation) of the problem continue to pose interesting challenges.
In typical applications of percolation, e.g., in petroleum research, the continuous flow of a fluid (oil) across a porous medium is conditional upon the existence of at least one infinite cluster that spans the whole system -hence, the name "percolation". In contrast, for p < p c , the cluster masses grow only logarithmically 3-6 with L, hence, they are not "infinite" according to the above definition.
The distribution of cluster masses at the percolation threshold has become a subject of renewed interest among the computational statistical physics community. 4, 5, [7] [8] [9] [10] [11] Spanning clusters have been shown to proliferate in high-dimensions. 7 Recently, it has been found that an infinite number of clusters form and that their masses scale with identical fractal dimension d f . 4, 11, 12 Specifically, it is well known that the second and third largest clusters are proportional in mass to the largest cluster for p = p c . The average ratio between the masses of the largest and second largest clusters has been shown to be universal with respect to lattice geometry, being reported to be M 1 /M 2 6 for the square and triangular lattices and M 1 /M 2 2.7 for the simple cubic lattice with open boundary conditions.
4,5
However, the size of the largest cluster is expected to be quite sensitive with respect to the imposed boundary conditions especially for d = 2 where this is the sole spanning cluster in the thermodynamic limit. In particular, it influences the fraction of spanning clusters at p c . 13, 14 In this work, we investigate the lack of universality with respect to distinct boundary conditions of the ratio between the masses of the two largest clusters at critical percolation. Further, by employing a scaling analysis of the finite size dependence of R 12 , we are able to report precise estimates of this ratio for d = 2.
Methods
Percolation is a problem that is relatively straightforward to study numerically. Here, we apply traditional numerical methods to investigate the above questions. Specifically, in our numerical simulation, we randomly distribute active sites with probability p in a square lattice with linear size L. In order to identify the largest and second largest clusters, we employ standard random percolation algorithms.
It is important to emphasize at this point that the same random distribution of active sites can represent distinct cluster distributions when different boundary conditions are considered. This is because two clusters at opposite extremes with open BC may become a single larger cluster if periodic BC are used instead. There is no clear reason to expect that this effect will disappear as L → ∞.
For a given disorder distribution, we measure the size of the largest cluster M 1 and of the second largest cluster M 2 . A configurational average over the disorder is then performed, hence, we effectively measure M 1 , M 2 and M 1 /M 2 as a function of p and L.
According to the finite size scaling hypothesis, the average size of the largest cluster near the percolation threshold scales is:
As has been recently demonstrated, 4,11 the same scaling behavior stands for M 2 . The ratio M 1 /M 2 behaves as a zero exponent critical quantity scaling as:
A similar scaling relation also holds for M 1 / xM 2 . According to the above scaling behavior, these ratios are size independent at the critical percolation threshold. This feature can be explored to precisely estimate the critical percolation probability p c and the asymptotic value of the critical ratios from simulations on relatively small lattices -whose size is just enough to guaranty that scaling corrections are not relevant.
Results
We measure the size of the two largest clusters averaged over 1000 square lattices of linear size ranging from L = 100 up to L = 400 with periodic (P) boundary conditions. 
Conclusions
We have shown that the average ratio between the two largest clusters at the random percolation problem behaves as a zero exponent critical quantity. We find that the critical value of the average ratio is nonuniversal with respect to the boundary conditions imposed and that M 1 /M 2 = M 1 / M 2 reflecting the relevance of mass fluctuations at criticality. Our results also indicate that the number of periodic directions seems to determine the critical ratios. It would be interesting to check this trend on higher dimensional lattices. It is also important to investigate the reported nonuniversality in higher dimensional lattices where the spanning cluster at percolation is not unique.
